APPENDIX A
DIFFERENTIAL-GEOMETRIC CONCEPTS ON SPACE CURVES AND SURFACES
1. Theory of Curves
In this appendix we consider only those parts of the theory of curvesin space which
are needed in the theory of surface geometry for the purpose of coordinate generation. Let C

be a curve in space whose parametric equation is given as

r = (1)

where T is a parameter which takesvaluesin acertaininterval a= 7 = h.
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It is assumed that the real vector function = (%) isp = 1 times continuously differentiable for
all values of T in the specified interval, and at least one component of the first derivative
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r
dt

is different from zero. Note that the parameter © can be replaced by some other parameter,
say s, provided that ds/d™ = 0.

A. Tangent vector

Let us consider the arc length s as a parameter. Then the coordinates of two
neighboring points on the curve are - (s) and ~ (s+h). The vector L (s) defined as

= 11p L€8+h) - pla) _ dr
L(e) = L1n n as (3)



is the unit tangent vector at the point s on the curve. Since [z | = ds

that |27 =1

, we immediately see

If the curve Cisreferred to ageneral coordinate system Ei thenits parametric
eguations are given as

gl = gl(a), 1=1,2,3

In this case, using the chain rule of differentiation, we can write
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where ﬁi are the covariant base vectors defined in Eq. (111-1).
B. Principal normal
Since - "4~ = 1 asingle differentiation with respect to syields

R | RS
. da

so that the vector d-- /dsis orthogonal to - . The vector

g - 9k ©

is called the curvature vector. The unit principal normal vector isthen defined as
p - k/|k] (6)
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The magnitude ¢ =k and itsreciprocal © = 1/k(s) are, respectively, the
curvature and the radius of curvature of the curve at the point under consideration. Both the
curvature vector and the principal normal are directed toward the center of curvature of the

curve at that point.

C. Normal and osculating planes

Thetotality of all vectors which are bound at a point of the curve and which are
orthogonal to the unit tangent vector at that point lie in aplane. This planeis called the
normal plane. The plane formed by the unit tangent and the principal normal vector is called
the osculating plane.

D. Binormal vector

A unit vector 2 (s) which is orthogonal to both L and £ iscalled the binormal vector.
Its orientation is fixed by taking L 2 toform aright-handed triad as shown below:

=% xp (7)

Note that for plane curves the binormal £ isthe constant unit vector normal to the plane,
and the principal normal is the usual normal to the curve directed toward the center of
curvature at that point.

The twisted curves in space have their binormals as functions of s. Because of twisting



anew quantity called torsion appears, which is obtained as follows. Consider the obvious
equations

b.gai, b»t=0 (8)

Differentiating each equation with respect to s, we obtain
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Thus
8 . g - kp-p=0 (9c)

ds
From (9a,c) we find that dZ /dsisavector whichiis orthogonal to both L and 2. Thus
d” /dslies along the principal normal,

4ap - * TP
da —

To decide about the sign we take the cross product of £ with dZ /dsand takeit asa positive
rotation about - :
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Thus
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E. Serret-Frenet equations

A set of equations known as the Serret-Frenet equations, which are the intrinsic
equations of a curve, are the following. Differentiating the equation

P = B x L
with respect to s, we have
4P - 4p ~ k
o TR T kE (11)

Equations (6), (10) and (11) are the Serret-Frenet equations, and are collected below:

d
Er; - kp , k = curvatura (129)
gh_; - _TE . 1 = toralon (12b)
dp -
EE' th - Kkt (12c)

For aplane curve, T = 0, so that
E = constant

ﬂ:kp' _g£=—Kh
da = da

(13)

2. Geometry of Two-Dimensional Surfaces Embedded in E3

Before taking up the main subject of surface theory, it isimportant to clarify the
notations which are to be used in the ensuing devel opment.

In an Euclidean E3, a set of rectangular cartesian coordinates (x,y,z) can aways be .
introduced. As before, in E3 ageneral curvilinear coordinate system will be denoted by &1 (i

= 1,2,3). With these curvilinear coordinates, a surface in E3 will be denoted by & V=
constant, where v = 1,2,3. The following convention is adopted which maintains the

right-handedness of the two remaining current coordinates: On the surface & Y = constant,
the current coordinatesare & “ , & B, where (7, ¢ ) are cyclic.

A. First fundamental form

Let us consider the surface & = constant. In this surface an element of length dst™)
isthen given by



(as(¥)2 . de + dp
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where theindices ¢ and P will assume only the two values different from V. Eq. (14) is
called the first fundamental form of a surface.

B. Unit normal vector

The unit normal tothe surface 5 © = constant is defined as

u(u} - 1 8y X 8p 15
HEEW iﬂm x aB|' (15)

where again (v, ) are cyclic.
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C. Second fundamental form

")



A plane containing the normal 2 () to the surface at a point P cuts the surface in
different curves when rotated about the normal as an axis. Each curve so generated belongs

both the surface and to the space E3. A study of curvature properties of these curves reveals

the curvature properties of the surfaces in which they lie. We decompose the curvature
A

vector < at P of C, defined in Eq. (5), into avector £  normal to the surface and a vector
£
g

tangential to the surface as shown below:

Surface £'-const.

Thus
E{U) - klgl\l} + kg{u} (16)

The vector & n Isthe normal curvature vector at the point P, and is given by

Is:‘-:,“"] - g REIWJJ (17)
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where “= isits magnitude. To find an expression for %2 we consider the equation

n(‘ﬂ)_t_ﬂ

and differentiate it with respect to s (the arc length along the curve C) to have

kv o . an'¥? . de (18a)
" (ds)?

Also, differentiating the equation

n{u) - Eap D



with respectto &, we get

{n(“}}gﬂ « gy = 0tV . R (18b)
Further,
ﬂnt"h‘} - I Hg[uj dEﬂ-
a JE®
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Thus using Eqg. (18b) and (18c) in (18a), we get
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byg = ¢V - & A (20)
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The two extreme values of 2y are called the principal curvaturesk; and k, and their sumis
given by

Theform

EEE buﬂdﬁudgﬂ (22)

is called the second fundamental form.
3. Christoffel Symbols

Certain 3-index symbols, known as the Christoffel symbols, show up in anatural way
when vectors or tensors are differentiated with respect to general coordinates introduced in a
space. Here, by 'space’ we mean aregion in which arbitrary independent coordinates can be
introduced; the number of independent coordinates determines the dimensionsion of the
sapce. A space is termed Eulclidean when rectangular cartesian coordinates can be
introduced in it on aglobal scale. Examplesare 2D or 3D regionsin aplaneorina
rectangular box, respectively. It must, however, be pointed out that in an Euclidean space,
besides rectangular cartesian coordinates, any general coordinate system can be introduced



without disturbing the basic nature of the space itself. Since this book is mainly concerned
with the general coordinate systemsin either 2D or 3D Euclidean spaces, or to 2D surfaces
embedded in a 3D space, we shall restrict our attention to the Christoffel symbolsfor space
and for surfacesonly.

A. Space Christoffel symbols

From the definition of the base vectors ﬁi, we first note the following result. For any
two indicesi and k,

a2, ar ar
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We now select any three indices. say i,j,k, and consider the following three equations,

BE
= D
3E 8L
Wi 3

i ST Y
13 JE
og

ik 3
——=—{a, * a)
aed  oppd 1K

Adding the second and third equations, and subtracting the first equation, while using Eq.
(23), we get

03,
=4 = Eidlk] (24)
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where
o o . 9K
[11,k] = %{—41£+ ik _ ;J} (25)
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is called the Christoffel symbol of the first kind.



Eq. (24) implies that

93
ag—; - E [i, k1 atk? (26)

Taking the dot product on both sides of Eq. (26) by £ | we obtain

da; 1 1
— =« g - I"
HEJ ij (27)
where
Tiy = E gkl [13,k] 28)

is called the Christoffel symbol of the second kind.

Eq.(27) impliesthat
oa
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It must be noted that both kinds of Christofiel symbols are symmetric in the first two indices,
viz.,

[13,k] = [34,k], 71y = Iy

It is also easy to show, based on the definition of T that
i, -1 _Bg
E T35 " g el (30)

The Christoffel symbols T canbe computed by using the following expanded formulae:
2
ax_ 3 X
rl - E E gkl n n (31)
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wheretheindicesl,i,j rangefrom 1to 3in 3D, or from 1to 2in 2D.

B. Christoffel symbolsin asurface

The Christoffel symbols, (25) and (28) are applicable both to 2D and 3D Euclidean
spaces. In fact, if we take (25) and (28) as the definitions of some 3-index symbols without



any consideration of an Euclidean space, then they are also applicable to an n-dimensiona
non-Euclidean space.

The Christoffel symbolsfor a2D surface embedded in a 3D Euclidean space are
defined exactly as for any other space. Since in a surface only two independent coordinates
can be introduced, we again use the Greek indices to emphasize this point and write

a5 , 2ps _ ap

1
[ap,8] = =¢ 32
28 2% o (32)
§
Tog = g g°° [ap,s] (33)

asthe Christoffel symbols of the first and second kind respectively, of a surface. Here the
indices assume only two values.

An important point to note here is that for a 2D space the metric coefficients g; j do not

depend on one of the cartesian coordinate, say z. On the other hand for a 2D space formed by
asurface in 3D Euclidean space the metric coefficients appearing in (32) and (33) depend on
all three cartesian coordinates.

Gauss indirectly introduced the definition of the Christoffel symobls by arguing that in
asurface the base vectors = ;, = [ and the unit normal * (Eq. (15)) form atriad of

independent vectors. Thus any other vector in the surface can be presented as alinear
¥

combination of = ,, = g, 2. Following this argument, the second derivative of the position
vector = can be expressed as
- 8
Cap = § Tag Ts * Pyg 0 (34)

which are called the formulae of Gauss. Thus, for a surface 5 3 = constant in which 51, 52
are the current coordinates, Eq. (34) iswritten as

Tap = T8 €5 ¢ byg 2V (35)

where Eq. (35) represents the second derivatives ZE1 &1 L £1c2 2 £2¢2



