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This study analyzes structural and elastic properties of five uranium crystal structures: the face centered
orthorhombic A20 (o phase), the tetragonal D8;, (B phase), body centered tetragonal (bct), body centered
cubic (y phase) and face centered cubic structures. Calculations are performed within the density
functional theory framework employing the Projector Augmented Wave method and the Perdew-
Burke-Ernzerhof generalized gradient approximation (PBE-GGA) of the exchange correlation. The elastic
constants are used to compute polycrystalline elastic moduli, Poisson’s ratio and the Debye temperature
for all five structures. The o and y phase properties are compared with theoretical and experimental
results. The complex tetragonal 30 atom beta phase is examined in detail. Representation of the B phase
by a bct structure is examined; we find that the structure of the B phase is significantly different from the
bct phase but exhibits similar elastic properties. This is the first comprehensive investigation into the
elastic constants of uranium utilizing the PBE-GGA.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

The metal uranium exists in three solid phases: o (face-
centered orthorhombic), B (tetragonal) and y (body-centered cu-
bic). At elevated temperatures, uranium transforms from o to
[1] at approximately 935 K and B transforms to 7y at approximately
1045 K [2]. The electronic structure of uranium is dominated by 5f
electron states that form narrow bands that tend to bond the
atoms in complex and distorted ways [3-5]. Electronic structure
calculations have had varied success in describing these complex
structures. Soderlind [4] calculated the structural and elastic prop-
erties of orthorhombic a-uranium using the full-potential linear
muffin tin orbital technique. While the calculated lattice constants
had an accuracy of approximately 1% compared to the experimen-
tal values (determined at 50 K) [6], the elastic constants were
much more difficult to model and compare with experiment, par-
tially because no internal relaxation was allowed during the finite
distortion technique and also because uranium undergoes signifi-
cant phonon softening as a function of temperature. The qualita-
tive trends between the elastic constants were, however, in good
agreement with the experimental values. The root-mean-square
deviation of the elastic moduli, c;; through ces, was 118 GPa [7].
Soderlind also calculated the equilibrium lattice constant of
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body-centered cubic (bcc) y uranium. These calculated values
overestimate the experimental lattice constants at 0 K.

Although the full-potential calculations are able to capture the
physics of the atomic and electronic interactions that dictate many
of the properties of the orthorhombic uranium crystal, they are not
yet of sufficient computational efficiency to allow the simulation of
more complex systems (i.e., larger supercells containing crystal
defects, such as vacancies, and/or impurity atoms). Also, the B
phase of uranium has a complicated 30 atom unit cell. Using
full-potential calculations to analyze such a large and complex unit
cell can become untenable.

However, an earlier study by Crocombette et al. [8] using a
norm-conserving pseudopotential, in which the core electrons
are replaced by an effective electron-electron interaction potential
allowing for the investigation of more complex systems, was not so
accurate. For oo uranium, the lattice constant for the b vector of the
orthorhombic crystal was significantly shorter than experiment by
7% and the bulk modulus overestimated experiment by 58%. Calcu-
lations on the atomic electronic structure (i.e., isolated atoms and
molecules, not a solid) were also performed and the results were
very sensitive to the level of correlation included in the calculation.
Crocombette et al. also under predicted the experimental lattice
constant [9] of bcc uranium by approximately 3%.

Taylor [7] investigated pure systems of uranium using a
projector augmented-wave (PAW) pseudopotential utilizing
the Perdew-Wang 91 [10] (PW91) Generalized Gradient
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Table 1

Brief summary of previous computational work investigating properties of U with a reference to an historical review covering experimental work in U.

Author Year Reference Methodology Summary

Lander et al. 1994 [17]
Eriksson et al. 1993 [3]

Experimental
Full potential linear muffin-tin
orbital

Crocombette 2001 [8] Norm-conserving

Historical review of o U properties
Investigation of crystal structure of o U and f orbital occupation

Crystal structure, cohesive energy and bulk modulus of o, y and fcc U
Crystal structure and elastic constants of o, y and fcc U, vacancy formation energy in o U and
Crystal structure and DOS of o, y and bct U, vacancy formation energy in v U, Nb point defects

Lattice constants and elastic constants of vy, fcc and hcp U

et al. Pseudopotentials
Taylor 2008 [7] PAW Pseudopotential (PW91
GGA) (001) surface properties
Xiang et al. 2008 [12] PAW Pseudopotential (PBE
GGA)
Shang et al. 2010 [11] PAW Pseudopotential (PW91
GGA)
Li et al. 2012  [14] Pseudopotential (PW91 GGA)

Crystal structure, energy and elastic constants of a, B, v, fcc and hcp U

Approximation (GGA) of the exchange-correlation functional.
Taylor investigated o, ¥ and face-centered cubic uranium, calculat-
ing the equilibrium lattice parameters and the elastic constants of
the three structures. The lattice constants of o uranium were
predicted within 1% compared to the experimental values (deter-
mined at 50 K) [6]. The lattice constant of the bcc structure was
slightly lower than the experimental lattice constant at 298 K by
approximately 1%. The lattice constant of face-centered cubic
(fcc) uranium was analyzed and compared with the results of
Crocombette. Taylor predicted an equilibrium lattice constant for
fcc uranium that is 4% larger than predicted by Crocombette.

Shang et al. [11] recently performed a comprehensive analysis
of the bcc, fcc, and hep crystal structures investigating uranium
as well as the majority of the periodic table. Properties calculated
include the optimized lattice constant, the bulk modulus and the
elastic constants. Shang et al. used the PW91 GGA for their calcu-
lations. Although Shang and Taylor used the same implementation
of the exchange-correlation functional, their results for the elastic
constants in the bcc phase and the fcc structure showed great
variance.

Xiang et al. [12] calculated the equilibrium volumes of the oo and
v phases. Also, Xiang calculated the equilibrium volume of a body-
centered tetragonal (bct) structure as an approximation of the §
phase. Xiang utilized the Perdew-Burke-Ernzerhof (PBE) [13]
GGA of the exchange-correlation functional, but this investigation
was limited to only equilibrium volumes of three structures, and a
calculation of the bulk modulus in the o and v phases. Utilizing the
PBE exchange-correlation functional should yield results slightly
variant from those calculated using the PW91 implementation;
this is seen in the calculations by Xiang.

Li et al. [14] calculated the energy per atom, structure, and elas-
tic constants of alpha, beta and gamma uranium, along with fcc,
hcp and bcet U structures utilizing the PW91 GGA. Three structures
were evaluated and the lowest structure determined was found to
be in agreement with the neutron diffraction experiments from
Lawson et al. [1] with regards to determination of the proper crys-
tal structure of the B phase.

Investigations on the phase stability of uranium have been con-
ducted by Soderlind et al. [15] and Adak et al. [16]. Using self-con-
sistent ab initio lattice dynamics, Soderlind et al. [15] calculated
phonon density of states to investigate instability of the y phase
at 0K and to show that at high temperatures, the bcc structure
(v phase) is promoted. Adak et al. [16] investigated the high pres-
sure behavior of uranium up to 1.3 TPa. It was shown that the o
phase transforms into a bct structure above approximately
285 GPa. At high pressures, the bcc structure (y phase) of U is ener-
getically favorable when compared to the bct structure. A sum-
mary of previous computational investigations of U is presented
in Table 1.

Historically, the PW91 and PBE GGA exchange correlation func-
tionals have been regarded as essentially equivalent. Results on

simple test systems analyzing lattice constants and cohesive ener-
gies yield virtually identical results. However, investigations into
the PW91 GGA and the PBE GGA of the exchange correlation func-
tional have shown significant differences in a variety of simula-
tions [18]. Mattsson et al. [18] have shown that large
discrepancies can be seen between the two GGAs for surface calcu-
lations and monovacancy formation energies. Thus, a comprehen-
sive study of lattice and elastic properties is warranted using the
PBE GGA exchange correlation functional to determine possible
discrepancies from the PW91 GGA. The PBE formulation is an up-
date and an improvement over the PW91 formulation [13].
Improvements over PW91 include an accurate description of the
linear response of the uniform electron gas, correct behavior under
uniform scaling, and a smoother potential [13]. Although there has
been investigation into the structure and elastic properties of o
and y uranium utilizing the PW91 GGA, there is no previous work
utilizing the PBE GGA for the calculation of elastic properties of any
uranium phase.

In this paper, a study of the equilibrium lattice constants and
elastic constants in five structures of uranium-c, B, body-centered
tetragonal, vy, face-centered cubic- using pseudopotential based
density functional theory calculations is performed. The structural
and elastic properties are calculated for all three uranium phases
as well as for the body-centered tetragonal and face-centered cubic
structures. The properties of the o phase are compared with the
well-documented results of Séderlind, Taylor, Crocombette and
experimental results. The properties of the y phase are compared
with those predicted by Taylor and Shang, as well as with experi-
mental values in the literature. The body-centered tetragonal
structure is compared with results from Xiang and Soderlind. The
face-centered cubic structure of uranium is compared with previ-
ous computational results from Taylor and Crocombette. Finally,
the Density of States is calculated for all five crystal structures of
interest. This is the first comprehensive investigation into equilib-
rium properties and elastic constants using the PBE GGA of the ex-
change-correlation functional. This is also the first computational
investigation of any kind into the B phase of uranium utilizing
the PBE GGA exchange-correlation functional.

2. Computational details

The projector augmented wave (PAW) method [19] is utilized
within the density functional theory [20,21] framework in the
Vienna ab initio Simulation Package (VASP) [22-24]. Calculations
are performed using the Perdew-Burke-Ernzerhof (PBE) [13] gen-
eralized gradient approximation (GGA) description of the ex-
change-correlation. Methfessel and Paxton’s smearing method
[25] of the first order is used with a width of 0.2 eV to determine
the partial occupancies for each wave function. Spin polarized
relaxations are performed using the conjugate gradient method
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with a convergence criterion on the magnitude of forces at 0.02 eV/
Ang. A uranium PAW pseudopotential with the 6s26p®5f36d'7s?
valence electronic configuration and a core represented by [Xe,
5d, 4f] is utilized. For the o and v phases, as well as the bct and
fcc structures, a unit cell is analyzed with a gamma-centered k-
point mesh of 20 x 20 x 20 and all symmetry restrictions removed,
resulting in 4004 k-points in the irreducible Brillouin zone. For the
B phase, calculations are performed on the unit cell with a k-points
mesh of 3 x 5 x 5, resulting in 23 k-points in the irreducible wedge
of the Brillouin zone. The standard 500 setting is used, which sets
precision to accurate and the cutoff energy to 500 eV. Setting the
precision to accurate avoids wrap around errors and creates a finer
grid for augmentation charges, charge densities and potentials.

For the structural relaxation to calculate equilibrium lattice
constants, dynamic boundary conditions are employed, allowing
cell volume and cell shape to change, along with the relaxation
of atom positions. For the calculation of elastic constants, the elas-
tic tensor is determined by performing finite distortions of the lat-
tice and deriving the elastic constants from the strain-stress
relationship [26]. The elastic tensor is calculated both, for rigid
ions, as well as allowing for internal relaxation of the ions. The io-
nic contributions are determined by inverting the ionic Hessian
matrix and multiplying with the internal strain tensor [27]. The fi-
nal elastic moduli including both, the contributions for distortions
with rigid ions and the contributions from the ionic relaxations, are
reported here.

In order to compute polycrystalline elastic moduli, we apply the
Voigt-Reuss-Hill approximation [28]. In this approach, the actual
effective modulus for a polycrystalline system is approximated
by the arithmetic mean of the two well-known bounds for mono-
crystals according to Voigt [29] and Reuss and Agnew [30]. The
polycrystalline mechanical properties calculated here include the
bulk modulus (B), shear modulus (G), Young’s modulus (E), Pois-
son’s ratio (o) and the Debye temperature (6p) [31]. The mathe-
matical formulation is provided in the following equations:

1
B= §(Cn + €2z + €33 + 2C12 + 2€13 + 2C23) (1)

1[c11 —c2 —3c 5C44(C11 — C
G:— 11 12 44+ 44( 11 12) (2)

2 5 4c4q + 3(C11 —C11)
9BG

E=3p1¢ (3)
3B_E

7="6p @)

One of the standard methods to calculate 0p is from elastic con-
stants data, since 0p may be estimated from the average sound
velocity, v, from the following equation [32]:

h 3 1/3
o=k g ”

where h, kg and V, are the Planck’s constant, Boltzmann’s constant
and the average atomic volume, respectively. The average sound
velocity in the polycrystalline material is given by [33]:

1/2 1\
Un=|5|—>5+—= 6
n= 5o ©
where 7 and v are the transverse and longitudinal sound velocities
in an isotropic material. These can be obtained from the density, p,

the shear modulus and the bulk modulus using Navier’s equation
[32]:

3B+4G>”2 <G>1/2
V=|—5—— and v, = (= 7
: < 3p T \p @

2.1. Structure and elastic constants of the o phase

The o phase has a face-centered orthorhombic structure with
four atoms in the unit cell (A20 Strukturbericht designation, Cmcm
space group and oC4 Pearson symbol) as shown in Fig. 1. The o
phase is the stable phase at temperatures below 935 K [34]. The
o phase is of interest to the nuclear fuel community, as it is present
on the radial periphery of metallic uranium alloy nuclear fuel pel-
lets [35] and is also present in spent fuel. The condensed matter
community also has had interest in o uranium as a superconduc-
tor, as pressure induced superconductivity was discovered by
Aschermann and Justi [36]. There are also such phenomena as
low temperature charge density waves (CDW) transitions [37] that
are of interest to the materials and physics communities. The o
phase of uranium has been investigated experimentally, as well
as through full-potential and pseudopotential computational
methods.

The lattice parameters and volume per atom are presented in
Table 2. The calculated elastic constants are presented in Table 3.

The calculated lattice constants compare very well to those of
Taylor, Séderlind and Barrett. Utilizing the PBE GGA exchange cor-
relation functional instead of the PW91 used by Taylor produces
minor changes in the lattice parameters and in the overall volume
per atom. These calculations slightly underestimate lattice con-
stants and the volume per atom when compared to experimental
results at 50 K.

The elastic constant results presented in Table 3 were used to
calculate polycrystalline bulk properties using Egs. (1)-(7). Contri-
butions to the elastic moduli from internal relaxations are negligi-
ble. The polycrystalline properties of oo uranium are presented in
Table 4. These results are also compared to experimental informa-
tion from Morss [39].

The primary direction elastic constants (c;1, €22, €33) Show excel-
lent agreement with one another and overestimate the experimen-
tal results in all cases. The relative magnitude of these elastic
constants are consistent, with c33 the largest and c,, the smallest
of these three. For c;,, excellent agreement is seen for all computa-
tional strategies with the experimental results. For c;3, €23, Css, Ces,
the bulk modulus (B), the shear modulus (G), and the Debye
temperature, this work and that of Taylor slightly overestimate
the experimental results. S6derlind’s results produce an underesti-
mate in the case of c;3 and the shear modulus, and yield overesti-
mates for the remaining elastic constants. For cy4, Taylor's and
Soderlind’s calculated values are an overestimate, whereas this
work calculates an underestimate of the experimental value. A

4.894

@ .

Fig. 1. The o uranium unit cell. Dimensions are in A. Calculated values of lattice
parameters are shown in Table 2 along with comparisons with literature.
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Table 2

The optimized lattice constants (A), internal parameters and volume per atom (A*) for o uranium. Results are compared with pseudopotential calculations from Taylor (PW91) [7],
full-potential (FP) calculations from Séderlind [4], norm-conserving (NC) pseudopotential calculations from Crocombette [8] and experimental (expt) work at 50 K from Barrett

[6]. The internal parameter y is unitless. Fig. 1 shows the unit cell for o-U.

This work (PBE) Taylor (PW91)

Soderlind (FP) Crocombette (NC) Barrett (expt)

A 2.793 2.800
B 5.849 5.896
C 4.894 4.893
Y 0.098 0.097
Volume/atom 19.987 20.194

2.845 2.809 2.836
5.818 5.447 5.867
4.996 4.964 4.936
0.103 - 0.102
20.674 19.026 20.535

Table 3

Elastic constants of aU. Results are compared with pseudopotential calculations from
Taylor [7], full-potential calculations from Soderlind [4] and experiments at 298 K
from Fisher and McSkimin [38]. Elastic constants are given in GPa.

This work (PBE) Taylor (PW91) Soderlind (FP)  Fisher (expt)
Cn 299 296 300 215
Co 231 216 220 199
Cs3 364 367 320 267
C12 59 60 50 46
Ci3 30 29 5 22
Cy3 144 141 110 108
Cag 100 153 150 124
Css 150 129 93 73
Css 132 99 120 74

comparison between GGA exchange correlation functionals shows
that the largest variance occurs in the elastic constants based upon
shear distortions (C44, Css, Cg6)-

2.2. Structure and elastic constants of the p phase

There was controversy [40] over the structure of the § phase of
uranium until 1988, when Lawson published neutron powder dif-
fraction experiments [1]. A discussion of this controversy is beyond
the scope of this paper, but was summarized by Donohue and Eins-
pahr [40]. The B phase of uranium has a tetragonal structure with
30 atoms in the unit cell (D8, Strukturbericht designation, P4,/
mnm space group and the tP30 Pearson’s symbol) as shown in
Fig. 2. Experimental investigation of the p phase of uranium is dif-
ficult due to the small temperature range of stability (935-1045 K)
and low pressure range of stability (P<3 GPa) [34]. It is also
extraordinarily difficult to grow single crystals of pure p uranium.
Single crystals of p uranium can be prepared and quenched to room
temperature, and such crystals have been stabilized using small
concentrations of chromium, but it is not known whether these al-
loys have the same structure as the B phase [1].

The lattice constants and volume per atom of B uranium are
presented in Table 5 and compared with experimental results
calculated at 955K and computational results from Li [14]. The
calculated volume per atom is 5.9% less than experiment, and only
a slight deviation in the a/c ratio; 1.9 experimentally, 1.85 calcu-
lated. These calculations using DFT were inherently performed at
0K, and thus we would expect an underestimation of lattice
constants when compared to experimental results at 955 K. This

Table 4

work shows an equilibrium structure that is slightly smaller than
that predicted by Li, but almost equivalent a/c ratios.

Due to the complexity of the g phase, a body-centered tetragonal
(bct) structure is often analyzed instead [12,34]. Also, it has been
suggested that an o to bct phase transition occurs at high pressures,
but at less than 100 GPa [5,41]. The bct structure has 2 atoms per
unit cell, and is thus much less computationally expensive to inves-
tigate than the 30 atom unit cell of § uranium. A unit cell of B ura-
nium is shown in Fig. 3 with two parallelepipeds outlined and
atoms contained inside the parallelepipeds are darkened (dimen-
sions are given in A). The two parallelepipeds constitute a repeating
structure in p uranium. This set of two parallelepipeds is close to
tetragonal (5.894,5.634,4.663), but far from body centered. The
atoms in the center of this two-parallelepiped system are config-
ured as a tetrahedron. Also, one of the parallelepipeds has two
face-centered atoms. Thus, although the bct structure has been
used as a simplification of the p phase of uranium, there is a large
amount of variance between the two structures and p uranium can-
not directly reduce to a bct structure.

An analysis of the energy per atom of the B phase and the
bct structure shows that the energy of B phase is slightly lower
(Eg=—-11.1867 eV/atom, Ep=—11.1489 eV/atom). Thus, the B
phase is more energetically favorable than the bct. The equilibrium
lattice parameters and volume per atom of bct uranium are pre-
sented in Table 6 and compared with previous calculations by
Xiang et al. [12], Soderlind [34] and Li et al., [14]. The volume
per atom compares favorably with Xiang [12], however, Xiang does
not provide lattice constants. Séderlind [34] calculated the c/a ratio
of lattice constants to be 0.82, which compares very favorably with
our calculated value of 0.8. Li et al. [14] calculated the lattice con-
stants of the bct structure for U using PAW pseudopotentials. The
value of a compares very favorably with the results from this work.
However, the calculated value of c from Li is vastly different from
the results in this work, and what would be expected from the re-
sults of Xiang, and the reported c/a ratio from Soderlind [34].

The elastic constants for p uranium and bct uranium were cal-
culated by performing finite distortions of the lattice and deriving
the elastic constants from the strain-stress relationship [26]. These
elastic constants are presented in Table 7. Inclusion of internal
relaxations in the calculation of the elastic constants significantly
impacts the magnitude of the total elastic moduli. For c;q, €12
and cy3, internal relaxations have a negligible impact. However,
for cs3, c44 and css, internal relaxations represent 20%, 15% and
32%, respectively, of the total elastic moduli. Egs. (1)-(7) were used

Polycrystalline properties of o uranium calculated from elastic constants. The bulk modulus, B, shear modulus, G, Young’s modulus, E, Poisson’s ratio, ¢, and the Debye
temperature, 0p are calculated for this work and compared to Taylor [7], Soderlind [4], Fisher and McSkimin [38] and Morss et al. [39].

This work (PBE) Taylor (PW91)

Soderlind (FP) Fisher (expt) Morss (expt)

B (GPa) 151 149
G (GPa) 111 108
E (GPa) 267 261

¢ 0.21 0.21
0 (K) 287 287

130 115 100
68 87 111
247 206 208
0.18 0.2 0.23
228 251 -
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Fig. 2. The B uranium unit cell.

Table 5

The optimized lattice constants (A) and volume per atom (A3) for p uranium. Results
are compared with computational work from Li et al. [14] and experimental work
from Lawson et al. [1].

Table 6

147

Optimized lattice constants (A) and volume per atom (A?) of body-centered tetragonal
uranium. The calculated volume per atom is compared to the result of Xiang et al.
[12], Soderlind [34] and Li et al. [14].

This work Li Expt. (955 K) This work Soderlind Li
a 10.454 10.520 10.759 a 3.695 - 3.72
c 5.634 5.707 5.653 cla 0.8 0.82 1.24
Volume/atom 20.524 21.053 21.812 Volume/atom 20.268 - 31.896

to calculated bulk polycrystalline properties. In comparison with
work by Li et al. [14], the elastic constants of § U utilizing the

Fig. 3. The B phase of uranium, with an attempted approximation to a body-
centered tetragonal crystal structure. The two parallelepipeds outlined in the unit
cell constitute a repeating structure in § uranium, but are not bct. The dimensions of
the parallelepiped are given in A.

PBE GGA compare very favorably to results using the PW91 GGA.
However, there is a large discrepancy for the Css elastic constant.
For the bct U structure, the C;; and Cs3 elastic constants are signif-
icantly larger than those calculated by Li. Also, substantial variance
is shown for the C44 and Css elastic constants. Thus, for the g phase
or U and the bct structure of U, the PBE and PW91 GGA exchange-
correlation functionals show a general agreement, but significant

Table 7

Elastic properties of the B phase of uranium and the body-centered tetragonal
structure of uranium. The Debye temperature is given in units of degrees K, the
Poisson’s ratio is unitless and the elastic constants and polycrystalline elastic moduli

are given in GPa. Results from this worked are compared with the of Li.

B-U B (Li) bet U bet (Li)
Ch 220 218 264 230
Css 201 214 254 204
Ciz 107 99 55 61
Cis 79 80 68 61
Cas 65 60 56 79
Css 36 61 56 39
B 130 130 129 114
G 85 - 102 -
E 210 - 242 -

023 - 0.19 -
Op 253 - 275 -
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Table 8

The optimized lattice constant (A) and volume per atom (A®) of ¥ uranium. Results are compared with PAW pseudopotential calculations of Taylor [7], norm-conserving
pseudopotential calculations of Crocombette et al. [8], full-potential calculations of Séderlind [4] and an experiment from Wilson at 298 K [9].

This work (PBE) Taylor (PW91)

Soderlind (FP) Crocombette (NC) Wilson (expt)

a 3.427 3.43 3.46 3.37 3.47
Volume/atom 20.124 20.18 20.71 19.14 20.89
discrepancies occur in the calculation of elastic constants. In com- Table 10

paring with o uranium, the polycrystalline properties are generally
slightly less in B uranium, than in o uranium. For B, G, E, and 0p,
there is a decrease from o to B from as little as 12% (0p) up to
23% (G). The Poisson’s ratio is approximately equal, but slightly lar-
ger in B uranium than in o uranium. For bct uranium, the calcu-
lated bulk modulus and Debye temperature are also very similar
to that of o and vy uranium. In comparing elastic constants of bct
uranium to B uranium, there is relatively good agreement. The
c11 and c33 elastic constants are slightly overestimated, whereas
the c1> and cq3 elastic constants are slightly underestimated. The
result for the bulk modulus is nearly identical. These calculations
show that cy; is less than c;1, leading to a positive shear constant;
¢ =(c11 —€12)/2 and (cqq +c33)/2 > ¢q3, implying stability of both
the B phase and the bct structure at 0 K. Thus, even though bct ura-
nium is not a good crystallographic approximation of the g phase
of uranium, it can serve as a reasonable approximation for some
elastic properties.

2.3. Structure and elastic constants of the y phase

The y phase has a body-centered cubic structure with two
atoms in the unit cell (A2 Strukturbericht designation). The y phase
is the stable phase at temperatures from 1045 K to the melting
point of 1406 K [34]. The y phase of uranium is of primary interest
to the nuclear fuels community. Uranium is often alloyed with Zr
or Nb to stabilize the y phase to lower temperatures. This enables
the operation of nuclear fuel in a cubic phase, yielding isotropic
polycrystalline properties. Experimental investigation of the y
phase of uranium is quite difficult due to the low temperature
mechanical instability of the crystal structure. This behavior is sim-
ilar to other metals with a high temperature bcc phase and a
ground state face-centered/hexagonal type structure, such as Ti,
Zr, and Hf [42]. Quenching the y phase of uranium to low temper-
atures often results in the y phase decomposing into the o phase.
Thus, experiments need to be performed at high temperatures,
and this requirement has limited the experimental investigation
into the y phase. The lattice parameters and volume per atom
are presented in Table 8 and the elastic constants are presented
in Table 9. Contributions to the elastic moduli from internal relax-
ations are negligible.

Using Eqgs. (1)-(7), the polycrystalline properties of y uranium
are calculated and are presented in Table 10. These results are also
compared to an experimental result from Yoo et al. [43]. Using Tay-
lor’s [7] elastic constants, the value for the shear modulus (G) is
negative, leading to unrealistic values for the polycrystalline prop-
erties. Thus, the values for the remaining polycrystalline properties
are not shown.

Table 9

Elastic constants of y uranium. The elastic constants have been calculated and are
compared with pseudopotential calculations from Taylor [7] and Shang et al., [11].
Units are GPa.

This work (PBE) Taylor (PW91) Shang (PW91)
Cn 86 161 84
Ci2 155 184 159

Caa 37 56 38

Polycrystalline properties of y uranium calculated from elastic constants in Table 9.
The bulk modulus (B), shear modulus (G), Young’s modulus (E), Poisson’s ratio (¢) and
the Debye temperature (0p) are calculated for this work and compared to Taylor [7],
Shang et al. [11] and with an experimental bulk modulus from Yoo et al. [43].

This work (PBE)  Taylor (PW91)  Shang (PW91) Yoo (expt)
B(GPa) 132 176 133 113
G(GPa) 113 - 102 -
E (GPa) 265 - 243 -
a 0.17 - 0.20 -
0p (K) 289 - 274 -

The elastic constants are compared with pseudopotential calcu-
lations from Taylor and Shang who utilized the PW91 GGA ex-
change-correlation functional. This work compares very
favorably to that of Shang but varies quite strongly from Taylor.
However, all three calculations show that c;, is larger than c;q,
leading to a negative shear constant; ¢ =(c;; — ¢12)/2. A negative
value for the shear constant predicts mechanical instability at the
simulation temperature of 0 K. This is in agreement with previous
calculations [34]. The Debye temperature in y uranium is approx-
imately the same as the calculated Debye temperature in o ura-
nium. The only experimental value for comparison is the bulk
modulus, determined by Yoo through the fitting of a temperature
independent equation of state [43]. This work slightly overesti-
mates the value of the bulk modulus calculated experimentally
by Yoo et al. [43].

Table 11

Optimized lattice constant (A) and volume per atom (A3) of face-centered cubic
uranium. Results are compared with previous PAW pseudopotential work from Taylor
[7] and norm-conserving pseudopotential work from Crocombette et al. [8].

This work (PBE) Taylor (PW91) Crocombette (NC)

a 4.433 4.48 4.30
Volume/atom 21.774 22.48 19.88

Table 12
Elastic constants of face-centered cubic U. Results are compared with PAW
pseudopotential calculations of Taylor [7] and Shang et al. [11]. Units are GPa.

This work (PBE) Taylor (PW91) Shang (PW91)
Cin 46 184 14
Ci2 144 267 166
Caq 40 28 20

Table 13

Polycrystalline properties of face-centered cubic uranium. The bulk modulus (B),
shear modulus (G), Young’s modulus €, Poisson’s ratio (¢) and the Debye temperature
(0p) are calculated for this work and compared to Taylor [7] and Shang et al. [11].

This work (PBE) Taylor (PW91) Shang (PW91)
B (GPa) 111 239 114
G (GPa) 76 43 11
E (GPa) 185 120 32
o 0.22 0.42 0.45
0p (K) 241 187 95
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3

Gamma DOS

Fig. 4. Partial density of states of the o, p and y phases as well as the bct and fcc structures of U. The 6s, 7s, 6p, 6d and 5f electronic orbitals are included.

2.4. Structure and elastic constants of face-centered cubic uranium

The face-centered cubic (fcc) structure (A1 Strukturbericht des-
ignation) was analyzed for uranium. The fcc structure does not ex-
ist on the phase diagram of uranium, but is often analyzed. An
approximation of the o phase is the fcc structure, and also, the
fcc crystal structure is a very common lattice type and insight
can be gained from analyzing lattice and elastic constants of fcc
uranium. The lattice parameters and volume per atom are pre-
sented in Table 11; the elastic constants are presented in Table
12 and the polycrystalline properties in Table 13. Contributions
to the elastic moduli from internal relaxations are negligible.

The lattice constants of fcc uranium compare very favorably to
work performed by Taylor [7], with a variance of 1%. The bulk elas-
tic constants of fcc uranium vary quite strongly from those calcu-

lated by Taylor. However, a much closer correlation is seen with
the calculations by Shang. Excellent agreement is seen in compar-
ing the bulk modulus, and the ratios of lattice constants are similar,
with ¢y, being much greater than c;; and c44. However, the magni-
tudes of ¢;; and c44 are overestimated when compared to Shang,
and the magnitude of c;, is underestimated.

3. Density of states

The density of states (DOS) has been determined in order to
analyze variances in electronic structure between the o, f and vy
phases as well as the bct and fcc structures. In Fig. 4, the partial
density of states are displayed for all five crystal structures with
equilibrium lattice constants. The electronic orbitals displayed in-
clude 6s, 7s, 6p, 6d and 5f. For all structures analyzed, the s orbitals
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Fig. 5. Partial density of states of the o, p and y phases as well as the bct and fcc structures of U near the Fermi level. The 6d and 5f electronic orbitals are included.

and p orbitals are relatively deep in the core. Near the Fermi level,
the f orbital dominates electronic interactions. Although general
trends are observed over all structures, minor changes are seen
in the core p states. Thus, under high pressure conditions where
p orbital electrons can potentially be involved in electronic interac-
tions, vastly different bonding behavior is to be expected between
the five different structures.

Under equilibrium conditions, typically only electrons at or near
the Fermi level will participate in bonding. The partial density of
states near the Fermi level for all five structures is displayed in
Fig. 5. It can be seen that f occupation displays significant variance
as a function of crystal structure. Similar behavior is shown for f
orbital occupation for the o, f and y phases as well as the bct struc-
ture, in that there is gradual increase in f occupation as a function
of energy around the Fermi level. The fcc partial density of states

shows a dramatic increase in f occupation directly at the Fermi en-
ergy. It is interesting to note that the transition from the o phase to
the B phase results in a decrease in the f electrons above the Fermi
level. However, transitioning from the B phase to the y phase
shows marked increase in the density of f electrons above the Fer-
mi level. For the similar crystal structures of bcc (Y phase) and bct
U, minimal changes in the partial density of states are shown. For
all crystal structures displayed in Fig. 7, 6d electrons exhibit very
low densities above the Fermi level, and thus would not be ex-
pected to play a major role in bonding.

4. Discussion and conclusions

The metallic alloys of uranium are of interest from the perspec-
tive of use in a nuclear reactor, especially a fast reactor. Here the 7y
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phase is preferred for its cubic polycrystalline properties. Yet, in
the reactor, fission, radiation damage and thermal gradients may
precipitate the formation of the p and o phases as well [35,44].
Our calculations show that at 0 K the volume per atom from the
o phase to the B phase varies by 2.7% and from the B phase to
the v phase by 1.9%. Also, elastic constants of the o and B phases
are anisotropic compared to the isotropic y phase. Thus, such
phase changes would be accompanied by significant lattice strains
across phase interfaces. Further investigation needs to be accom-
panied by experimental observation of phase boundaries and
interfaces.

This study analyzed structural and elastic properties of five ura-
nium crystal structures: the face centered orthorhombic A20 struc-
ture (oo phase), the tetragonal D8, structure (B phase), body
centered tetragonal, body centered cubic (y phase) and face cen-
tered cubic structures. Calculations were performed within the
density functional theory framework employing Projector Aug-
mented Wave method and the PBE-GGA exchange correlation. This
was the first comprehensive study of elastic properties of uranium
utilizing the PBE-GGA exchange correlation functional. It was
found that using the updated PBE-GGA, significant differences
were seen in the shear elastic constants for o uranium when com-
pared to results using the PW91-GGA. For y uranium, nearly iden-
tical results were produced from this work utilizing the PBE and
from Shang utilizing the PW91. For fcc uranium, the ratios of the
elastic constants were similar for both GGA implementations, but
the magnitudes of the individual elastic constants varied greatly.
Thus, implementation of the PBE-GGA formulation is critical in
the analysis of elastic properties of uranium, particularly in com-
plex structures such as o uranium. The elastic constants were used
to compute polycrystalline elastic moduli, Poisson’s ratio and De-
bye temperature for all five structures. Inclusion of internal relax-
ation into the calculation of elastic constants was negligible for the
o and y phases, as well as for the bct and fcc structures. However,
internal relaxation contributions were significant in the calculation
of elastic constants in the § phase of uranium.

For o uranium, the calculations of the primary direction elastic
constants (cy1,C22,C33) showed excellent agreement with previous
computational studies and overestimated the experimental results
in all cases. The relative magnitude of these elastic constants were
consistent, with c33 the largest and c,, the smallest of these three.
A comparison between GGA exchange correlation functionals
showed that the largest variance occurred in the elastic constants
based upon shear distortions (c44,Cs5, Css), With the largest variance
of 53% for c44. This was the first theoretical study of the complex
tetragonal 30 atom structure of the B phase. In comparing with o
uranium, the polycrystalline properties were generally slightly less
in B uranium, than in o uranium. In comparing elastic constants of
bct uranium to B uranium, there was relatively good agreement.
The c;; and c33 elastic constants were slightly overestimated,
whereas the c;; and c;3 elastic constants were slightly underesti-
mated. The bct structure is crystallographically significantly differ-
ent from the B phase, but exhibits similar elastic properties. For y
uranium, the elastic constants were compared with pseudopoten-
tial calculations from Taylor and Shang who utilized the PW91
GGA exchange-correlation functional. This work compared very
favorably to that of Shang but varied quite strongly from Taylor.
However, Taylor, Shang and this work all predict mechanical insta-
bility at the simulation temperature of 0 K. The Debye temperature
in y uranium was approximately the same as the calculated Debye
temperature in o uranium. The only experimental value for com-
parison is the bulk modulus, determined by Yoo through the fitting
of a temperature independent equation of state [43]. This work
slightly overestimated the value of the bulk modulus calculated
experimentally. For fcc uranium, the bulk elastic constants varied

quite strongly from those calculated by Taylor. However, a much
closer correlation was seen with the calculations by Shang. Excel-
lent agreement was seen in comparing the bulk modulus, and
the ratios of lattice constants are similar, with c;, being much
greater than cy; and c44. However, the magnitudes of c¢;; and cyq
were overestimated when compared to Shang, and the magnitude
of c15 is underestimated. Finally, the density of states was analyzed
for the o, B and y phases of U, as well as the bct and fcc crystal
structures. The f orbital electrons are the primary contributors to
bonding. The electronic structure around the Fermi energy varies
for each crystal structure analyzed. The y phase is the equilibrium
phase with the highest density of f electrons above the Fermi en-
ergy. The B phase has the smallest density of f electrons above
the Fermi energy.
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